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Abstract. Quantum Lefschetz theorem by Coates and Givental |1] gives a relationship be- 
tween the genus Gromov-Witten theory of X and the twisted theory by a line bundle £ on 
X. We prove the convergence of the twisted theory under the assumption that the genus 
theory for original X converges. As a byproduct, we prove the semisimplicity and the Virasoro 
conjecture for the Gromov-Witten theories of (not necessarily Fano) projective toric manifolds. 



1. Introduction 

Quantum cohomology is a deformation of the ring structure of the ordinary cohomology. The 
structure constants of quantum cohomology are formal power series whose coefficients consist 
of Gromov-Witten invariants. We do not know a priori whether or not the structure constants 
are convergent. In this paper, we discuss the compatibility of quantum Lefschetz principle and 
the convergence of quantum cohomology. 

There are several cases where the convergence is trivial. If ci{X) > 0, the small quantum 
cohomology of X is defined over the polynomial ring by the degree constraints. If ci{X) < 0, 
even the big quantum cohomology is defined over the polynomial ring for the same reason. 
Hence, the problem is the intermediate case, i.e. when there exist two curves Ci, C2 in X such 
that (ci(X), [Ci]) > and {ci{X), [C2]) < 0. The main theorem in this paper is the following. 

Theorem 1.1. Let X be a smooth projective variety and C be a nef line bundle on X. If the 
big quantum cohomology QH*{X) of X has convergent structure constants, then the twisted 
quantum cohomology QHgi(X, C) by C also has convergent structure constants. (This holds 
true when L is replaced by a sum of nef line bundles. ) 

Coates-Givental's quantum Lefschetz theorem ^ gives the twisted quantum cohomology 
QHgi{X, C) in terms of QH*{X). Here, QH^i{X, C) is a cohomology theory closely related 
to the quantum cohomology of an intersection Y C X with respect to the line bundle C 
More precisely, QHgi{X,C) gives us the information on the structure constants of QH*{Y) 
with respect to the cohomology classes coming from the ambient space X. Therefore, if the 
convergence of QH*{X) is known, we can know the convergence of QH*{Y) partially. The 
main tool in the proof is a ring of formal power series with certain estimates for coefhcients. 

In the second half of the paper, we give a description of mirror symmetry for a not necessarily 
nef toric variety. In ^Tj) the author calculated the quantum cohomology L'-module of a toric 
variety X. The method there was to embed X into another Fano toric variety X' as a complete 
intersection and to use quantum Lefschetz theorem Jll together with a mirror theorem for 
a Fano toric variety 10 . We will recast the consequences of |17j in terms of the following 
oscillatory integral, which was introduced as a mirror of a toric variety in |51 llUj: 

Xr(gi,...,g.,^) = / eS^i"-^/^, Y, = {(w,)[±f G (C*)'-+^ ; Rl^f w™- = qa] ■ 
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Here, ujq is a holomorphic volume form on Yq and Tq is a non-compact cycle. These oscillatory 
integrals define the following mirror D-module Mmir (denoted by FHq in the main text): 

Mmir ■■= C{qi, . . . ,qr,hdi, . . . , hdr,h) /Ipoly, (?a = Qad/dqa- 

Here, /poly is a left ideal consisting of polynomial differential operators annihilating lY-[q,h). 
Mirror symmetry for a Fano toric variety X states that the mirror D-module Mmir is isomorphic 
to the big quantum cohomology I?-module QDM*{X) restricted to H'^{X). Here, QDM*{X) 
is a Z?-module over the total cohomology ring H*{X) which is defined by QH*{X). For a 
general toric variety X, we obtain the following description: 

Theorem 1.2 (see Theorem 15.51 for details). Let Mmir be a D-module on the formal germ 
(C'",0) obtained as the completion o/Mmir with respect to its natural q-adic topology (denoted 
by FH*i in the main text). There exists a formal embedding tmb: (C^',0) — > {H*{X),0) such 
that we have an isomorphism of D -modules: 

^cmb: emb*(QDM*(X)) ^Mmir. 

Here, QDM*{X) is the big quantum D-module of the toric variety X. If X is Fano, the image 
of emb coincides with the linear subspace H'^{X) C H*{X). 

Because of the completion in the above description, it is not clear if QH*{X) is convergent. 
Our main theorem II. II is not directly applicable to X because X is a complete intersection in 
X' with respect to a sum of not necessarily nef line bundles. Using techniques similar to the 
proof of Theorem ll.il however, we show the following: 

Theorem 1.3 (Theorem 15.71 Corollarv I5.12|) . The big quantum cohomology of a smooth pro- 
jective toric variety is convergent and generically semisimple. The embedding emb in the above 
theorem is complex analytic. 

Note that the isomorphism $emti is not convergent unless X is nef (Proposition 15.1!^ . The 
asymptotic expansion of the oscillatory integral TriQ, K) in h is shown to give a formal solution 
to QDM*{X) for special choices of cycles F (Corollarv 16. 9|) . We also prove the i?-conjecture 
for equivariant quantum cohomology of toric varieties (Theorem 16. 10|) . Here, the iZ-conjecture 
implies the Virasoro constraints by Givental's theory |13j . 

Our result on the semisimplicity is also a successful test for Bayer and Manin's modified 
Dubrovin's conjecture fll. The modified Dubrovin's conjecture claims that (p,p)-part of quan- 
tum cohomology of a projective variety X is generically semisimple if its bounded derived 
category D^^^ii-^) of coherent sheaves admits a full exceptional collection. In fact, Kawamata 
recently showed that toric varieties have full exceptional collections |21j . 

For the application of the main theorem ll.il we need to know the convergence of big quantum 
cohomology of ambient spaces. We prove that if H*{X) is generated by H'^{X) and if the 
small quantum cohomology of X has convergent structure constants, so does the big quantum 
cohomology (Corollary EH). In particular, the big quantum cohomology of a Fano variety with 
-ff^-generated cohomology always has convergent structure constants. In a subsequent paper 
jl8j , we will also prove that the big quantum cohomology (and higher genus potential J-g also) is 
convergent for a projective manifold which admits Hamiltonian torus action with only isolated 
fixed points and isolated one dimensional orbits. 

We should remark that in this paper, we only consider the even part of (quantum) cohomol- 
ogy. For example, H*{X) always means H^^^^{X). 

The paper is organized as follows. In section 2 and 3, we review the quantum D-modules 
and the quantum Lefschetz theorem by Coates and Givental. In section 4, we prove the main 
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theorem. In section 5, we discuss the mirror symmetry for a non-nef toric variety. In section 
6, we prove the i?-conjecture for any toric variety. 
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2. Quantum L'-modules 

In this section, we introduce quantum L>-modules twisted by the equivariant Euler class 
following 0J 1^3] • Let A be a smooth projective variety and £ be a line bundle over X. Let 
Mo,n(A, d) be the moduli space of genus 0, degree d stable maps to A with n marked points, 
where d E H2{X,7j). We have the following diagram: 

Mo,„+i(A,d) A 
Mo,„(A,d) 

where is the evaluation map and vr, is the forgetful map. We introduce the fiber-wise 
action on C by scalar multiplication. Let A be a generator of the equivariant cohomology 
of a point. Define the twisted correlator 



n IV 



where ai, . . . , a„ € i7*(A, C) and [Mo,n(A, d)]^""* is the virtual fundamental class. The right 
hand side is in C[A, A~^]. Let {poi • • • ,Ps} be a basis of H*{X, C). We assume that po is a unit 
and that pi, . . . ,pr form a nef integral basis of H^{X, Z) (r < s). Let to, . . . ,ts be linear coor- 
dinates dual to the basis po, . . . ,ps- We write qa := exp(ta) and q'^ := q^^''^ q^^''^^ • • • q^^''''^ = 
^^P{Yla=i{Paj d)ta) for d G H2{X,'L). Define a twisted pairing by 

(a, /3) ^1 = / a u /3 U Euler5i (£) . 

The twisted quantum product *£ is defined by the formula: 

(igAn>0 



d&\n>0 

where a,f3,^ G H*{X,C) and A C H2{X,Z) is a semigroup generated by effective curves. The 
product *c is extended linearly over C[A, A~^][fo, qi, ■ ■ ■ ,qr, U+i, • • • j ^sl and 

QH*,{X, C) := {H*{X) ® C[A, A-^] [to, • • • , Qr, Wi, • • • , t J, *c) 

becomes an associative and commutative ring. We define deg tj = 2 — degpj for j = or j > r, 
degq*^ = 2(ci(A) — ci{C),d) and deg A = 2. Then QH%i{X, C) becomes a graded ring. For 
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simplicity, we also use the following notation: 

s 

X — (3^0) 3^1 , ... , Xr ; Xr-\-l j . . . j Xg) — (^0 j i • • • j 5r j j • • • i ^s) ) T — ^ ^ ^jPi • 

j=0 

When ci(£) is nef, the product *c can be defined over C[A]|a;] (see dS]). Therefore in this case, 
we can also consider the non-equivariant (A = 0) version QH*{X,£,) = {H*{X) (8)C|x],*£). 

The usual (non-twisted) quantum cohomology QH*{X) = {H*{X) ®C[x],*x) is defined 
by removing all the Euler classes in the definition. Let y be a smooth intersection in X with 
respect to a transverse section s G T{X,C). By the main theorem of j22j . if ci(£) is nef, we 
have at A = 0, 

(ai, . . . , an)a = {i*ai, i*an)d 

for the inclusion i: Y ^ X and the correlator (• • •)^ for Y. Therefore, from *£, we can read 
the structure constants of QH*{Y) with respect to the classes coming from the ambient space. 

We can endow a D-module structure on the quantum cohomology. Let * denote *c or *x- 
The dual Givental connection is defined by 

vf = h-^^+Pj* {o<j<s), 

where ?i is a formal variable of degree two. This connection is regular singular along qi = ■ ■ ■ = 
Qr = and is known to be flat. It defines the non- twisted or twisted quantum D-modules: 

QDM*iX) = iH*iX)[h]lxlV^), QDM*,iX,C) = (H* {X)[h, X, X-'My^^) 

When ci(L) is nef, we can also consider the non-equivariant version QDM*{X, C). It is easy to 
see that quantum D-module is generated by 1 over the Heisenberg algebra C[h] |x] [Vq, . . . , V^]. 
There exists a unique fundamental solution L(t, h) for the flat connection V'^ such that 

(1) hdoL{T,h) = L{T,h)ov'', 

L{T,h) = e^l^T{x,h), T G End(i7*(X)) 0C[?i"^]|x], T\q=Q = \d. 

where r G H*{X) is considered as an operator acting on H*{X) by the cup product. This 
L{T,h) satisfies the following unitarity PT] : 

(2) {L{T,-h)a,L{T,h)p) = {a,P) 

where (•,•) denotes the Poincare pairing {■,-)^ of X in case of QDM*{X) and the twisted 
Poincare pairing (t)^! in case of QDM^i{X, C). This L{T,h) also defines the J-function of 
quantum cohomology by 

J(r, h) := L{t, h)l, 1 G H*{X) is a unit. 
The J-function is a realization of a generator 1 of the quantum D-module as a function. 

3. Coates-Givental's Quantum Lefschetz 

Coates and Givental's quantum Lefschetz theorem [1] describes the relationship between the 
two quantum cohomologies QH*{X) and QHgi{X,C). It was described in terms of symplectic 
transformations of Lagrangian cones in the infinite dimensional space H*{X) C[^, fi~^\- In 
this paper, we describe it in terms of gauge transformations by translating the language of 
cones into that of quantum D-modules. 
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3.1. Symplectic formalism. First we will review the infinite dimensional symplectic formal- 
ism in ^13. 4 briefly. Consider the following general multiplicative characteristic class for a 
complex vector bundle E: 



oo 



c{E) = exp ^ Sk chk{E) 
\k=o J 

Here, s = (sq, si,S2, ■ ■ ■) are infinite number of arbitrary parameters. Let T[ be the following 
infinite dimensional vector space: 

n := H*{x)(g)C[h,h-^]isj =n+(£>n-, 

where 

n+ = H*{x) c[h]isi Ti- = h-^H*{x) ® c[h-^]is\. 

For any holomorphic vector bundle on X, define a symplectic form on 7i by 

ns{f{h),g{h)) = ^esn^^dh [ f{-h)g{h)c{E), f,gen. 

Jx 

Then, and 7i- become Lagrangian with respect to this symplectic form Qs and give a 
polarization of 7i. The fundamental solution L{T,h) of the quantum D-module QDM*{X) 
(see (^) defines a Lagrangian subspace L,- of {Ti.,flo) for each r. 

(3) U:=L{T,-h){n+) 

Here, we assume the convergence of L(t, h) for the sake of simplicity. For a rigorous argument, 
we need to introduce a Novikov ring Anov and replace TC with the module H*{X, AnovI^Di^, ^~^} 
of convergent power series in h with respect to the adic topology (as explained in |4j). These 
semi- infinite subspaces sweep a germ of Lagrangian cone Cq in (TCjUq). 

(4) Co:= IJ hhr 

t£H*(X) 

As explained in [1] , the tangent space of Cq at any point in KLr equals the Lagrangian subspace 
L,-. In other words, Cq has a remarkable property that it is ruled by h times its tangent 
spaces. Let J{T,h) = L{T,h)l be the J-function of QH*{X). Then the vectors —hJ{T,—h) 
parametrized by r G H*{X) lie on the cone Cq. The derivatives {—hdt J{T, form a basis 

of the tangent space L,- of Cq over C[h] Thus, the J-function recovers the whole Lagrangian 
cone Co by (01). 

Similarly, the twisted theory by the characteristic class c and a vector bundle E defines 
a Lagrangian cone Cs C {TC,i^s)- Coates and Givental proved that two cones Cq and Cs are 
related by a linear symplectic transformation. 

Theorem 3.1 (_4j, Corollary 4). The linear symplectic transformation 

c(E)-V2^xp I J2 s2k+i-i^, dii{E)h^^-^ I : {HM in,n. 

\l,k>0 ^ ^' 



sends the Lagrangian cone Cq to Cs- Here, is the Bernoulli number defined by x/(l — e ^) 

^k>0 



+ Efc>o B2kX^^/i2k)l and s_i = 0. 



In this paper, we only consider a twist by the equivariant Euler class and the case where E 
is a line bundle C In this case, values of the parameters Sj are set as follows: 

(5) so = logA, sk = {-l)''-'^^^ k>0. 
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Using this substitution, c(£) equals the equivariant Euler class ci(£) + A, where acts on C 
by scalar multiplication on each fiber and A is a generator of i/^i(pt). Coates and Givental 
introduced the following hypergeometric modification of the J-function: 



deA UL-ooiP + kh + X)' 



i-rO 
A IJ 

where J(r, h) = J2deA Jd{t, K)q'^ is the J-function of QH*{X). 

Theorem 3.2 Theorem 2]). The vectors —hIc{T*,—h) parametrized by t* £ H*{X) 
lie on the cone C\ defined by the twisted quantum cohomology QH^i{X,C). The derivatives 
{ — hdtjIc{T*,—^)}j span the tangent spaces to C\ and reconstruct the whole cone Cx. 

3.2. Symplectic transformation as a gauge transformation. Following XJ , section 5], we 
will interpret the linear symplectic transformation in Theorem 13. II as a gauge transformation of 
quantum D-modules. The quantum D-module QDM*{X) = {H*{X) (8C[?i][x], V^) is a vector 
bundle on a formal neighborhood SpecC[xo, . . . , Xg] with fiber H*{X) endowed with a flat 
connection V'^ with parameter h. This vector bundle has a canonical trivialization by definition. 
This canonical trivialization together with a canonical origin r = of the cohomology fixes a 
choice of a fundamental solution and in turn defines the Lagrangian subspace @ and the 
Lagrangian cone @. Suppose that one changes the trivialization by a gauge transformation 
g{x,h) £ End{H*{X))^C[h]lxj such that 

goih) := g\g=o = Aq exp(ai/i + 03^^ H ), Ao,ai£ H*{X). 

Then the dual Givental connection V'^ changes as 

g*V'j = g-' oV^o g = h-^^+ g~\pj*)g + hg-'^^ 

Suppose also that one takes another point r = c as an origin. Then the fundamental solution 
changes as 

(6) L<^^'{t, h) = e-'/%{h)-'LiT, h)gix, h). 

This new fundamental solution L^'^{T,h) is uniquely determined by a differential equation 
hdo L^'^^ir, h) = L3''^{T,h) o {g*V^) and a shifted initial condition: 

L9'^{t, h) = e("-'=)/^T^'"(x, h), T3%=Q = id . 

By the same formulas (jSJ, @ as before, L^'^{T,h) defines the following Lagrangian cone: 

e^/^goi-hy^Co = exp + 01^1 + 03^^ + • • • ) Cq. 

Therefore, e'^^^go{—h)~^ is identified with the symplectic transformation in Theorem 13.11 In 
case of equivariant Euler class. Theorem 13. II is restated as follows: 

Proposition 3.3. The dual Givental connection of the twisted quantum D-module QDM^i {X, C) 
is obtained from that of QDM*{X) by a gauge transformation ^ g*^^ = g~^ ° o g, 
g{x,h) E \/A End(-ff*(X)) (g) C[/i][A, A~"'^|[x] and a coordinate change t ^ t = f(r) such that 

9\q=o-[X + p}' exp 2^ (-1) .2fc+;-i (2fcV 7^ 

\A:>1,/>0 ^ 

dimX (l-2Vo^ 

(8) f(r = c)=0, where c = plogX+ Y,i-^y^jrr^Ji ■ 

1=2 
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The hypergeometric modification in Theorem 13 . 21 can be considered as an intermediate step 
to find a gauge transformation g and a coordinate change f = f(r) in the above proposition. If 
one changes a triviaUzation of QDM*{X) by a gauge transformation g satisfying ((Tj) and also 
shifts the origin by a coordinate change satisfying (|H1), the set of column vectors L^''^(r, —h)pj 
of the new fundamental solution gives a basis of tangent spaces to the cone Cx defined by the 
twisted quantum cohomology. Conversely, a matrix formed by the basis {—hdt lci'T*, of 
tangent spaces to the cone C\ (given in Theorem ll-{.2|) satisfies the following initial condition: 



(9) Lir*,h):-- 



hdtMr*,h) ••• hdtjc{r*,h) 



e^'/''T{x,h), T{x,h)\g=o = id. 



From this it follows that there exists an intermediate gauge transformation gi (r, h) satisfying 
((7j) and a coordinate change r* = t*(t) satisfying © such that 

where the left hand side is given in 0. Let V'^ be the connection in this new gauge and 
coordinates: 

(10) ■.= hd + Y^njdtj, nj{x,h) :=L{T,hy^hdtl{T,h). 

j=0 

Here, the connection V'^ at a point T*(r) is equal to g^V^ at r. By abuse of notation, we use 
r instead of r* as an argument of this new connection and solution L. 

Proposition 3.4. (i) The connection matrix Qj is in the ring End{H*{X)) C[h][X, X^^UxJ. 
If ci{C) is nef, this is also in the ring End(-fr*(X)) C[h, A]|a;]. 
(ii) The pairing {{a, 13)) defined by 

((a, /3)) := (L(t, -h)a, L{t, K)[3)% , a, /3 e H*{X) 

takes values in C[fi\[\,\^'^\\x\. If ci{C) is nef, this takes values in C[?i, A]|x]. 

Proof, (i) A tangent space to the cone C\ is a vector space over C[?i][A, A~^]. The former part 
follows from this and the argument in using a ruling property Q of the cone Cx. If ci(£) 
is nef, the hypergeometric modification is of the form 

iciT, n) = Y,Ilip + ^ + kh)Jdit, h)q'' 

deA k=l 

and does not contain negative powers of A. The latter part follows from this. 

(ii) This follows from that L(t, —h)a is a tangent vector of C\ and that Cx is Lagrangian 
with respect to the symplectic form Res;j=o(/(— ^)) 5(^))fif^^- D 

The dual Givental connection of QDM^i {X, C) can be obtained from V'^ by a further gauge 
transformation by g2 € End(-?/*(X)) C[^] [A, A~^] |x] and a coordinate change x ^ x. The 
gauge transformation g2 must satisfy 

s 

(11) g2\q=Q = id, g^y^ = hd + Qjdtj, ftj does not depend on h. 

j=0 
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The new coordinates x = (to, qi = e^^ , . . . ,qr = e^^ , U+i, ■ ■ ■ ,ts) are of the form 

(12) io = to + Foix,X), log qa= log qa + Faix,X) (l<a<r), 

ij = tj + Fj{x, A), {r + l<j<s) 

for some Fj{x, A) G C[A, A^^][x] satisfying Fj{x, A)|q=o = 0. When written in the new coordi- 
nate system (Iq, . . . ,ts), the connection matrix flj must satisfy 




since flj is identified with the quantum multiphcation by pj in QH*i {X, C). Note that a gauge 
transformation and a coordinate change satisfying (jllj) . ()12p do not change the cone Cx. As 
shown in |^ I14j . this gauge transformation g2 can be obtained as the positive part of the 
Birkhoff factorization of the fundamental solution: 

92 = L+, L{T,h) =L.{T,h)L+{x,h), 

where L_ = id+0(?i^^) and L_|_ is regular at ^ = 0. As shown in JJj, Theorem 4.6 and 4.8, 
52 and X can be uniquely determined by the conditions (|TT1) . (fT3|) . 

Summarizing, we can find the gauge transformation g in Proposition l3.3l as a composite giog2 
of two gauge transformations. First gauge transformation gi corresponds to the hyper geometric 
modification L(t, K) of the fundamental solution and the second one g2 can be obtained by the 
Birkhoff factorization of L(T,h). In the next section, we study the analytic property of the 
connection 0,j and the second gauge transformation g2 in detail. 



4. Proof of the main theorem 

4.1. Formal power series with estimates. In this subsection, we give an estimate for the 
connection matrix which is obtained after the gauge transformation gi. We will show that 
matrix elements of Qj are not necessarily convergent power series, but their coefficients satisfy 
certain estimates. We assume that ci {C) = p is nef and that the ambient quantum cohomology 
QH*{X) converges. We use the notation in Section 3. 

Let L{T,h) be the fundamental solution jlj of QDM*{X). 

L{T,h) = ei''T{x,h) = ei'' Trr^,nx"'h-^ , 

m,n>0 

where m = (mi, . . . , nis) is a multi-index in Z>q. (T(x, h) does not depend on xq = to-) 
Lemma 4.1. There exist positive constants Ci,C2 > 1 such that 

-tm.n ^ ^\^2 \i 

where || • || is the operator norm and |m| = Ylj=i ''^j- 

Proof. The function T{x, h) is known to satisfy the following homogeneity: 
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where fj, is a constant matrix defined by iJ-{pj) = {degpj)pj and deg^a is the degree defined in 
non- twisted theory. By using hdL/dtj = L{pj*x), we can rewrite the above equation as 



a=l 



j=r+l 



Set Tn{x) = Yl,m'^'m,nX^- By this equation, we have 

(2n - ad(^))r„(x) = Tn-i{x)A{x) - ci(X)r„_i(x), 
where A{x) = Z]a=i(deg g'a)(Pa*x) + Yfj=r+i *j(degtj)(pj*x)- Therefore, we have 



By the assumption that QH*{X) is convergent, there exist a neighborhood U of x = and a 
constant C > such that 



sup ||^(x)|| < C, sup 

xeU n>l 



^ _ ad(^) \ 
2n J 



-1 



<c, ||ci(x)||<a 



Since Tq{x) = id, we can see that sup^^u ||T„(x)|| < C^"/n!. The lemma follows from this 
estimate. □ 



For a multi-index m = (mi, . . . , m^), we write {p,m) = J2a=i^aiT^a^ where p = ci(£) = 
J2a=i CaPa- Note that {p, m) > for m G Z>q because p is nef. Let L(r, K) be the fundamental 
solution given by hyper geometric modification Q. 

Z(r, /i) = e^/^f (x, ^i. A) = e^/'^ ^ TW^,„(A)x"^;i-" 

TTi>0,neZ 

Lemma 4.2. There exists a positive constant Cz{X) depending continuously on A such that 

l|f„,„(A)|| < C,C,(A)M+N l^/f 

I \n\\ n < U. 

iJere we sei 0! = 1. Moreover, Tm,n = for —n > (p, m). 
Proof. Because p is nef, we have 

_ (p,Tn) 

(14) Yl ^-,n(A)/l-" = n + ^ + E ^-,n^-". 

n k=l n>0 
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Therefore, by Lemma l4.ll we have 



\Tm,nW\\ 



0<l<{p,m) l<ki<k2<- <ki<{p,m) 



0<l<(p,m) ^ ^ 



m) - / + !)• ••(/), m)C7iC^' 



\m\+n+l 



1 



0</<(p,m) 



< CiCl"^l+l"l2<^'"^)(||p + All + 2C2)<'''"^> I - °' 

I |n|! n < 0. 

Thus, we obtam the estimate. The latter part follows from 



□ 

Let O^'^ (p) be the set of formal power series of the form X]Tn>o nez ™ 
C(A)[?i, ?i^^][x] satisfying the following conditions: 

(i) Am,n = for -n > {p,m). 

(ii) There exist positive continuous functions -B(A),C(A) defined on the complement of a 
finite subset of C such that 



I |n|! n < U. 



The above lemma says that each matrix element of T(x, h, A) is contained in Q^'^ (p). 
Lemma 4.3. The set O^'^ (p) is a subring of C{X)[h,h'^^lxJ. 

Proof. We must check that O^'^ (p) is closed under product. Let Sj„>o « ^fn,n2;"^^~"') 

'^m>On^rn,nx'^h~'^ be in (/)). By taking the maximum if necessary, we can assume 

that these two elements are estimated by the same functions -B(A),C(A) > 1. Set Cm,n = 

Errii+rri2=rriEni+n2=n^rrii,ni-Brri2,n2. When n > 0, We have 

{p,m) 

E 1 



|C„,„|<B(A)'C(A)I"I+MI ^ _L_ + 2 'g' C(A)« 

\ni+n2=n, ' ' i=l 
ni>0 



(n + i)! 



Trii+m2=Tn 



1 



< S(A)2C7(A)I"^I+I"I— 2" + 2 



.C(A) 



2{p,m)+2 



C(A)2 - 1 



C 



for some C > 0. When n < 0, we have 



{p,m)-\n\ 



|C^,n| < i?(A)2C(A)l-l+H E l^il'l^2|! + 2 E C'(A) 



2i(^ + l^l)! 



\ni+n2=n, 
ni<0 



1=1 



E 1 



m,\+m2=m. 



< B(A)2C(A)I"^I+I"l|n|! ((p,m) + 1 + 2(1 + C7(A)2)<^'"^)) C"'""' 
for some C > 0. Therefore, we have the desired estimate for the product. 

Let Qj{x, h, A) be the connection matrix of V'^ given in H1U|) . Let ((•, •)) be the bilinear form 
defined in Proposition 13.41 fii). 



□ 
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Lemma 4.4. The elements of the form {{a, f3)) , {{a,i}j (3)) are contained in both C[?i, A][x] and 
Ol'^^'ip) fora,l3eH*{X). 

Proof. By Proposition 13.41 we can see that ((a,/3)) and {{a,fljf3)) are in C[?i, A][x]. Since we 
have 

((a, /?)) = (f (x, -h, A)a, f (x, h, A)/3)f ^ , 
we can see that {{a,j3)) is in (p) by Lemma 14.21 On the other hand, we have 



(a, Q,j 



{L{T,-h)a,h^L{T,-h)p)^ 



dti 



{T{x,-h, X)a,VfT{x,h,X)f3)^,, 



where V^^ = hdt^ +Pj- Therefore, ((a,Oj/?)) is also in 0^'^ (p) by Lemma 14.21 
Define another ring 0^{p) by 



□ 



o,^(p) = of"'(p)nC(A)[;.][xl. 

By the above lemma, ((a,/5)), {{a,Q.j[3)) are contained in 0^{p). 
Lemma 4.5. The ring 0^{p) is a local ring. 

Proof Let Erri>o EitT^ ^rri,n(A)x"'/i" be in 0^{p). We will show that if Ao,o(A) = 1, this 
element is invertible in 0^[p). We can assume that |^Tn,n 

I < 5(A)C(A)l'"l+"n! for some positive 

functions S(A),C7(A) > 1. Set 1 + Err^>0,n>0 ^rr^,nX"^^" = (1 + Err^>0,n>0 ^rr^,nX"^^")-' • Then 

we have 



15, 



1) 5^ 5^ ,ni ■ ■ ■ ,n; 

/>1 m=mi-\ hTTT; n=niH hn; 

T7Ti>0 0<ni<{p,mi) 

EE E 5(AyC(A)l-l+"ni!...n,! 

Z>1 m=m,iH hrri; n=n\-\ hn; 

T7Ti>0 0<ni<(p,m,i) 

< B(A)I^IC(A)l"^l+"n!^ 



< 



i>l ■m=miH Vmi 

■mi>0 



n + / - 1 



n 



< B(A)I^IC(A)l"^l+"2"+l"^l-in!^ 1, 



i>l rn,=TTiiH hm; 

TTli>0 

where we used / < |m|. The summation factor is of exponential order in |m| because 

1 1 



l>l TTi=TniH Vmi, 

T7^^>0 



T7a| 



l-Err^>Oyl"'l 1 - (1/(1 - y)^ - 1) 



is analytic around y = 0. 



□ 



Proposition 4.6. £'ac/i eniry of the connection matrix Vtj{x,h,\) is contained in the ring 

olip). 
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Proof. By Lemma f4.4l r]f^i = {{pk,Pi)) and {{pk,^jPi)) belong to 0^{p). It is easy to see that 
limq^QTjki = {pk,Pi)si- Because the matrix {{pk,Pi)gi) is invertible in Mat(s + 1,C(A)) and 
0^{p) is a local ring, the matrix (%;) is invertible in Mat(s + l,0^{p)). Therefore, matrix 
elements Qj-ki = Y^iV'^HiPi^^jPi)) are in 0^{p). □ 

4.2. Gauge fixing. In this subsection, we will find a gauge transformation g2 which changes 
the connection matrices into ^-independent ones. 

Let be the set of formal power series "^Zmnyo ^'m,n{^)^^^"' iii C!(A)[?i]|x] satisfying the 
following conditions: 

(i) Am,n = if |m|o = 0, n > 0, 

(ii) There exists positive continuous functions B{X) and C(A) defined on the complement of 
a finite subset of C such that 

|Arr^,n(A)| <i3(A)C(A)l"^l+"|m|^, 

where |m|o = Yla=i "i^^ai^ It is easy to see that Of (p) is contained in Oy 

Lemma 4.7. Of is a local ring. 

We omit the proof because it is similar to Lemma 14.51 

Proposition 4.8. There exists a unique gauge transformation g2 with entries in Of such that 
52|g=o = id (ind that the new connection matrix of g2\7^ = hd+Yl'j=o ^jdtj is h-independent. 
Moreover, is convergent. 

This proposition is considered to be a general gauge fixing lemma. It is applicable to any flat 
connection of the form hd+^ which is defined over Of, regular singular along qiq2 ■ ■ ■ qr = and 
whose residue matrices at q = are nilpotent. In Theorem 4.6, we showed the existence 
and the uniqueness of 52 in F,nd{H* (X)) C[h, A]|a;] by using a formal Birkhoff factorization. 
Here, we will show that 52 also belongs to End{H*{X)) Of. This gauge fixing can be 
considered as a procedure of renormalization. A divergent connection can be renormalized by 
52 to yield a finite (convergent) result. 

Proof. Once we establish the existence of 52 in End(i?*(X)) Of, we can see that is conver- 
gent because it is contained in End(//*(X)) (8) Of and ^-independent at the same time. Thus, 
it suffices to solve for 52 in End{H*{X)) (g) Of. Set = J2d,n>o^jAn(tr+i, ■ ■ ■ , is, A)g'^7i". 
Because Qj is defined over Of, there exist a neighborhood U C C*~^ of and continuous 
functions B{X),C{X) > such that ||%;d,n(t, A)|| < S(A)C(A)l'^l+"|d|" for {tr+i,--- ,ts) G U 
and < j < s. From now on, we omit A and (tr+ii ■ ■ ■ 1 ^s) in the notation, but {tr+i, ■ ■ ■ , ts) is 
always assumed to be in U. We set 52 = Scira>o ^<i,n^'^^"' % ~ Sdn>o expanding 
the relation 

g2^a = ^ag2 + hqa^, I < a < r, 
oqa 

we obtain the following equations: 

(15) daGd,n-l + a.d{pa)Gd,n = ^ Gd2,n^a;di - ^ \di,niGd2,n2 ('^ — 1)) 

di-\-d2=d, di-\-d2=d, 
di>0,d2>0 n=ni+n2 

di>0 

(16) &diPa)Gd,0 = ^a;d+ ^ Gd2,0^a;di — ^ ^a;di,oGd2,0, 

di+d2— d, di+d2=d, 
di>0,d2>0 di>0 
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where we used Go,n = ^o,n, ^a;0 = Pa and ^lafi,n = ^o,nPa- Note that ^a\d,n is known and 
Gfi,n and ^a\d are unknown. Assume by induction that we know „ and J^^.d' for aU d! with 
\d!\ < d. For a multi- index d with |d| = d, we first solve for Gd^n ^or all n > by using ()15() . 
and then we solve for 0,a-d by using (|TT)|) . 

More precisely, we must solve for ^a\d with estimates. Introduce the following notation: 

9d,n 'J^ ^ ^ ||G^d,n||) ^a;d,n 'J^ ^ ^ ||^a;(i,n||) ^a;d ^ ^ ||^a;d||) 
|d|=(i |d|=d \d\=d 

Ha-d,n = the right hand side of ((ISJ), /i^^ = max ll-f^a;d,n|| {n > !)• 

l<a<r u ^ — ' 
|d|=cZ 

There exist positive Ai,Bi such that uJa;d,n 

< AiBf^^. Assume by induction that 

(17) gd,n<jj^B-, C;^.^,<A,jj^ (l<a<r) 

hold for all d < d. We take A2 so that u)a;0 = \\Pa\\ ^ ^2 holds. Then (|17|) is valid for d = 
because 50, n = So,n- We will specify 52,-63, M later. Take a d with \d\ = d. Let a(d) be an 
index such that da(d) = max{di,... ,dr}. Let C be a constant satisfying ||ad(pa)|| < C for 
1 < a < r. By (|15|) . we have 



1 

■a{d) 

2N 



Gd,n — j—{Ha(d);d,n+l " ^(i{Pa{d))Gd,n+l) 



1 ad(p,(d)) ^ , ad(p,(d))- ^ 

— -na((i);d,n+l -"a(d);d,n+2 + ' ' ' H ,2N+1 -"a(d);d,n+2iV+l 1 

'^«'('^) a{d) %{d) 

where = dime X and we used ad(pa(ci))^^^^ = 0. By using (|<i|/(ia{d)) ^ we have 

(18) < rh^^n+i + r'Ch-,,^^, + ... + r^^+^C^^/^^ ,,^2N^r 

Also we have 

/ \ 



(19) h-j < max 

l<a<r 



7 , -jrt llCdjinll ||f^a;di II + / , -jm ll^a;di,ni || ^2 ll^<i2,'T.2 I 

_ o _ a d 

. \di\ + \d2\=d, |di| + |d2|=d, 

\ di>0,d2>0 ni+n2=n,di>0 / 



d— 1 d n 

,di=l di=lfc=0 



By using (|T6|) . we have 



(20) 2,.^ < C ^ ||Gd,o|| + Yl 11^^2,011 ||f^a;dj|+ Yl 

;di,o|| llCda.ol 

\d\=d |di| + |d2|=5, |di| + |d2|=d, 

di>0,d2>0 di>0 

d-1 d 
^ '^5d,0 + X] 9d-d^pa;di + Y ^Ci;du09d-du0- 
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By (|19() and the assumption H17() . we obtain 
(21) 

< A2i32"i?3"y- -+^ii?2'53"yy ^^^^ '^'^ ^ 



where we set 



By (UHl) and (jSTJ, we obtain 

(22) < e3{B2,B3,M) - ^'' Bl, 



Bi 



{d + 1)^ 
where we set 

/ A \ (rB r'')2^+i 

e3(S2,53,M)=U2ei(M) + - -l--e2(B2,M) rSg- ' ^ 



By ((13) and (Unj, we have 



(23) 2,^5 < e^{B2,B^,M){C + A^eiiM) + A^e2{B2,M))^^^. 

In order to complete the induction step, we need to specify the parameters B2, B^, AI . First 
we set i?3 = 2Bi. To choose B2 and M, we need the following lemma: 

Lemma 4.9. limM^ooei(^) = 0, lim^j^oo e2(-B2, M) = 0. 

The proof will be given in the Appendix. For sufficiently large M, we have 

^...(M)rB, '''^;g"_"\-' < mi„ {1. and ..(M) < 1. 



Next, for sufficiently large B2, we have 



' £2(^2, M)r^3 ^ '^^^ , < 7T and ^162(52, M) < 



2 



I-B1/B3 ^ ' ' ^ rSgC-l 2 X -V / 3 

Now, it is easy to check that £3(^2, S3, M) < 1 and £3(^2, ^3, M)(C+>l2ei(M)+^i £2(^2, M)) < 
A2. Therefore, by (|22() and (|23() . we complete the induction step. □ 

Proof of Theorem M . 1\ As explained at the end of the section |31 in order to obtain the structure 
constants of QH*i{X, C) from §2^^, it suffices to find a new coordinate system x = {io,qi = 
exp(£i), . . . ,qr = exp(t,.), £r+ii • • • > 4} such that the connection matrix Q,-- defined by g^V^^ = 
hd + Yl^j=o^i'^^j = hd + '^j=Q^jdij satisfies f^jl = Pj- Then gives the twisted quantum 

product Pj*c- Because 0.j is already convergent, new coordinates x also become convergent 
functions in x. □ 
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5. Mirror symmetry for non-nef toric varieties 

In this section, we will study mirror symmetry and the quantum cohomology of a not nec- 
essarily nef toric variety. In ^7j) we showed that the quantum D-module of QDM*{X) of a 
toric variety X can be reconstructed from the equivariant Floer cohomology FHgi [3 E| by 
a generalized mirror transformation. There, the quantum D-module QDM*{X) was described 
in terms of hyper geometric series (/-function). Here, we describe QDM*{X) in terms of the 
mirror oscillatory integral introduced by Givental [HJ^j. The oscillatory integral satisfies (a 
generalized version of) the Mellin system of hyper geometric differential equations. We will 
show that the equivariant Floer cohomology FH'^i is isomorphic to the q-adic completion of 
the Mellin system. Then, results in J/^ can be restated as QDM*{X) restricted to some 
non-linear subspace of H*{X) is isomorphic to the completion of the Mellin system. Using a 
method similar to section \^ we will show the convergence of the quantum cohomology of toric 
varieties. By using mirror symmetry, we will also show the semisimplicity. 



5.1. Mirrors and the Mellin system. Let X be a smooth projective toric variety defined 
by a fan S C M^. Take a nef integral basis {pi, . . . ,pr} of H'^{X,'Ij). Let Di, . . . , Dr+N be all 
the torus invariant prime divisors and wi, . . . ,Wr+N £ H'^{X,'L) be their Poincare duals. We 
write Wi = tniaPa- We can recover X from the data Wi and Kahler class rjx in H'^{X,M.). 

Set ^ = {/ C {1, . . . , iV + r} I r/x ^ EiG/ I^>o^t'i}- Then we have 

X = C^+^/(C*)^ C^+^ := \ |J{(^i, • • -.^r+N) I = for i ^ /}. 

Here, (C*)^ acts on C'^+^ as (zi, . . . , Zr+N) ^ {^"'zi, . . . , t'"-+^Zr+N), where t""^ = HLi C"- 
The divisor Di corresponds to {zj = 0}. Let Wj denotes a coordinate of the mirror corre- 
sponding to the class Wi. Let ir: Y = (^£,*Y~^^ — > (C*)'' be a family of algebraic tori de- 
fined by 7r(wi, . . . , w^+Ar) = {qi, . . . ,qr), qa = 01=1^ ^r*"- Define a function F(w) on Y as 

oscillatory integral is given by 



F{\n) = Wi + • • • + \Nr+N- We write Yg = n ^{q) and Fg = F\y for q G (C*)''. The mirror 



where Tg is a non-compact real A^-cycle in Yg such that the integral converges. The holomorphic 
volume form u)g is given below. Take coordinates (si, • • • , sm) of fibers Yg of the form Sh = 

131=1^ w™'''', where the (r + N) x N matrix (w-^^) : U'^^ gives a splitting of the exact 

sequence 

(24) > ^.+iv j!!!^ jr ^ H\X,Z) > 0. 

By this splitting, we can write Wj = na=i 9a" Hfeli •^b*''- Here, Xi = (xji, . . . , Xjat) € Z^ 
gives the primitive generator of the i-th one dimensional cone of the fan S. The matrix 
{lai) : Z'^ jr+N g^igQ g^ygg splittiiig of the exact sequence (jJH). We can choose this splitting 
so that lai > because {pi, . . . ,pr} is a nef basis. We define ujg by 

dlogWi A • • • A dlogWr+AT . . ji I 

= a log si A ••• A a log Siv I y 



d log gi A • • • A d log q^ 



1 



This is independent of a choice of the splitting. 
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Proposition 5.1. The oscillatory integral I-p{q,h) satisfies VdIr{q,K) = for all d € 
where Vd is a differential operator defined by 

-{w,,d)-l / r \ {wi,d)-l / r \ 

^d=q'' II n - n n e^^-^^^-^^ - 

(tOj,d><0 A:=0 \a=l ) (w)j,d)>0 fe=0 \a=\ J 

where da = Qad/dqa- 

This proposition may be well-known, but we include a proof for completeness. 
Proof. First we have 



[ ' = [ iy^miahdae^"/'^ + y2^ibfl 




1 



9 log 




(wi,d)-l (tOi,d)-l 

O , . . T-r -TT O 



By using this, we have 

{wi,d)<0 {wi,d)>0 

where we used g*^ = Yli wf"^''^ ■ □ 

We call the system of hypergeometric differential equations {VdX{q, ^) = | d G 1/"} the 
Mellin system. Let MmgU be the D-module corresponding to the Mellin system 

MmgU = C(g^, hd, h)/lMe\h lyiew = ^ C{q^ , hd, h)Vd, 

deZ'- 

where q^ and hd are shorthand for qf,...,q^ and hqid/dqi, . . . , hq^d/dq^-- The oscillatory 
integral Ir{q,h) gives a solution of MmcII for each non-compact cycle T. 

5.2. S'^-equi variant Floer cohomology. We review the algebraic construction of the equi- 
variant Floer cohomology FHgi for a toric variety X briefly (see for detail). For each 
d G Z^, we put H*i{L^) = C[Pi, . . . , Pr,h]. This is an algebra over i?*i(pt) = C[h]. When 
{wi,d) > {wi,d') for all i, we define a push-forward map i^^d' • ^s^i^d") ~^ ^s^^-^df^ 

= "Dill Ilk"={w~d') where Wi^k = Yll=i ^iaPa - kh. Then, we have an inductive 
system iH*i{L^),id,d')- Let H'^J'^ = lim^H*iiL^) be its direct limit. We define an H*giipt)- 
algebra homomorphism Q'^ = n^i Qf^ H*dL^) ^ ^51 Q'^(^a) = Pa-dah. This 

is compatible with the direct limit and we have a module homomorphism Q*^: H^J"^ H^J"^ . 
We can check that the multiplication by Pa and the action of on H'^/^ satisfies the com- 
mutation relation [Pa^Qt] = f^^abQb- Hence, H^J"^ has a D-module structure when we regard 
Pa as a differential operator hQa{d / dQa)- Let E H'^J'^ be the image of 1 € -fr^i(L^). We 
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also write A = Aq. Let FHq be the submodule C{Pi, . . . ,Pr,Qi, ■ ■ ■ ,Qr,fi)^ of H'^J'^ . This 
FHq has a natural Q-adic topology and we define FHgi as the completion of FHq: 

FH*^ = FHo = limFFo/m"FFo, 

n 

where m = J2a QaC[Q, h]. This becomes a module over C[/i][(5i, • • • , Qr}{Pi, ■ ■ ■ , Pr)- 

Proposition 5.2. The D-module H^J"^ is generated by A as a C{Q^,P,h) -module and all 
the relations are generated by Vd = Q'^Y\{y,^,d)<Q Wk=o''^^~^ - nK,d»o Wt^f'^ V 
d E Z^. Therefore, H'^J'^ is isomorphic to MMeii- 

Proof. By the relation A^ = Q'^A, H'^J'^ is generated by A. It is easy to check that "PdA = 0. 
Assume that f{P,Q,h)A = 0. We set f{P,Q,h) = Y.i fi{P^^)Q'^' ■ There exists d such that 
{wj,di + d) > for all i,j. Then we have 

(25) Q'^fiP, Q,h)=Y^ fi{Pa - {pa, d)h, n)Q''^+'' 

i 

(wj,di+d)-l 

= Yi - (p-^ ^)^' ^) ("Pci^+d - n n ^i-O • 

i j k=Q 

When applying this to A, we have J2i fii^a - {Pa, d)h, h) ni=o'^'^'^^"^ ^j,k^ = 0- Because 
the canonical map H'^i[L'^) — > H'^i is injective, we have 

{wj,di+d)-l 
i j k=0 

Therefore, by we have f{P, Q, h) = ^. /^(P, h)Q~'^Vd,+d- □ 

Corollary 5.3. Under the correspondence qa i— > Qa, ^da ^ Pa, we have 

FHq = C{q, hd, /i)//poiy, /poly = -^Meii H C{q, hd, h). 

Hereafter, we identify Qa and Pa with qa and hda- From this, we can describe FH^i as 
follows. 

Proposition 5.4. 

FH*i =FHo^ C[h]lq}{hd)/Ipoly, 
where /poiy C C[^][g](/i9) is the closure of Ip^iy with respect to the q-adic topology. 

Proof. In Uni, section 4.4, it is proved that FH^i is generated by A over C[/i]|(51(-P)- There- 
fore we have a surjection C[^][Q](P) FH*,. Assume f{P,Q,h) = Y.d>o fd{P,K)Q'^ E 
C[h]lQl{P) satisfies /(P, Q, h)A = 0. Set /„ = Y.\d\<n fd{P, K)Q''- Then, 

/„A = - ^ fd{P,h)Q''A 

\d\>n 

belongs to Fi?o n m^+^F^o = m^+^FFo- Therefore, there exists c/„ in m"+iC(Q,P,^) such 
that fnA = QnA. Because /„ - ffn G -^poiy and /„ - ^ / as n ^ oo, we have / E Ipoiy. □ 
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Later, we will see that /poiy does not necessarily coincide with C[?i]|g](?i5)Ipoiy. In such a 
case, we need to add non- algebraic differential equations. We set O^^^^n = Of nC[^]|g| (Of 
was introduced in section Q : 

EA d^n ^r^iir n An „, = for n > 
Ad,nq'^ff' e C[h]lqj 

d,n>0 

Let FHgi be the following submodule of FH^i: 



small 



O.n 

Ad,n\ <BC\'^\\d\^{3B,C>{)). 



FHsi = OL,u(Pi, . . .,Pr)A c FH*,. 

Then we have FHgi = 0^^^^^{hd) / 1 poiy , where /poiy is the closure of Ipoiy in 0^^^ii{hd) with 
respect to the g-adic topology. Then we have a surjection 

(26) MmcU ®C[;i,,±] Osmallb"'] = (Csmall(^5)/C?small Vly) IQ''] ^ Iq''] 

Proposition 5.5. Let {Tj(yi, . . . , yr)}f=o homogeneous polynomials such that {Tj(pi, . . . ,Pr)}f=o 
forms a basis of H*{X). Then, {Ti{P)l^Yi=i forms a free basis of FH^i as an O^j^^^r^odule. 
Moreover, we have FH*^ = FH*qi C[/i][g]. 

■-^ small 

Proof. In section 4.4, we showed that {Tj(P)A}|^Q forms a free basis of FH*i as a C[/i][(?]- 

* h 

module. Here, we will show this is also a basis of FHgi as a Ogj^g^jj-module. It suffices to show 
that the connection matrix = {^la;ij) defined by 

s 

PaTj{P)A = ^a;ij{q, h)Ti{P)A 

has entries in O^^^^^jj. We use a method similar to the proof in section I^?T1 By JB]) section 4.3, 
there exists a map E: FH*i H*{X) ® C[/i, /i"^] |g] and a pairing (•,•): FHf x FH^^ 
C[h]lq\ such that 



(27) H(P„a) = {hda +Pa)H(a), (a,/3) = / H(a) U H(/?), 

for a,/3 S FHgi. Here, the equivariant Floer homology FH^^ is the Poincare dual theory of 

FH^i with a C[g]-module isomorphism : FH^i = FH^^ such that ha = —ha. The operator 

also acts on ii'*(X)[/i, by changing the sign of h. The function I{q,h) = H(A) is 
written as 

Here, I{q,h) = e'P^"^'^^^I{q,h) is frequently referred to as /-function. We write I{q,h) = 
T.d>oId{h)q'^- Take Ci >0 such that sup|^l=i,fc>i,,(||u;i||. Ill + ^i;i/(/c/i)||, 11(1 + u;i/(fc;i))-i||) < 
Ci. Then we have for |^| = 1 

\\(u,,,d)>o{'^i^d.V- 

fl/(ci(X),d)! if(ci(X),d)>0, 
- 2 \\{ci{X),d)\\ if (ci(X),d) <0. 
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for some C2 > 0. Here, we used ci{X) = Yll=i ^i- ^deg power series 

EdM^)Q'^ in C[h,h-^]lq} satisfying 

,rf/l/(ci(X),d)! if (ci(X),d) >0, 



sup \Ad{h)\ < BC 



=1 



(ci(X),d)|! if (ci(X),d) <0, 



for some B,C > 0. {B, C depend on each element.) As in section [4.11 we can prove that 
^deg ^ subring of C[/i, Each component of I{q, h) belongs to the ring . Set 

rjkj = {Tk{P)A,Tj{P)A). By using we have 

Vkj= [ Tk{-hd+p)I{q,-h)\jTj{hd + p)I{q,h) 
Jx 

s 

Y.VM^a;ij = {n{P)A,PaTj{P)A) 

= [ n{-hd + p)i{q,-h)u{hda+Pa)Tj{hd + p)i{q,h). 

Jx 



1=0 



Therefore, rjkj and Yli''lki^a;ij are contained in O^gg nC[/i][g]. Moreover, these elements are 
homogeneous with respect to the grading deg q*^ = 2(ci {X),d) and deg h = 2. The homogeneity 
means that the coefficient of q'^h^ is non- vanishing only when {ci{X),d) + n equals a given 
constant. Therefore, by Cauchy's residue theorem, we can see that rjkj and rjki^a;ij are also 
contained in O^^^^v Because limg_»o?7fcj = Jx '^k{p) U Tj{p) is an invertible matrix and O^j^aii 
is a local ring, we have Qa;ij £ ^^maii- '-' 

5.3. Generalized mirror transformation. We can describe how to reconstruct the quantum 
L>-module QDM*{X) from FH*^ as follows: 

Theorem 5.6 (jl9j. |16j Theorem 4.9, 5.4). There exists a formal embedding cmb: (C^,0) 
(C*"''-^,0) and an isomorphism of D -modules ^emb- cmb*{QDM{X)) = FH^i. The map emb 
is given by equations of the form 

to = Fo{q),qi = qi exp(Fi(g)), . . . , = exp(Fr(g)), = Fr+i{q), • • • , is = Fs{q) 

for some Fi{q) G C|q], -Fi(O) = and ^*emfa|(3=0 determined by the canonical isomorphism 
H*{X)®C[K\ ^ FH*JYla=i<laFH*r. Moreover, we can reconstruct QDM*{X) from FH*^ 
by the following steps: 

(i) Take a free basis {Tq, . . . ,Ts} of FH^i as a C[h]lqj-module as in Proposition \5.,^ and 
calculate a connection matrix Via defined by PaTj = Y2i=o ^a;ijTi- 

(ii) Find a gauge transformation g such that g\q=o = id and that the new connection matrix 
fla is h-independent, where ^la = Q^^^aO + 9~^^dag- 

(iii) Solve for matrix-valued functions 0,j(tQ, q, tr+i, . . . ,ts) (0 < j < s) from ^la{Q) (1 < o < 
r), where 0,q = id. This procedure will be reviewed in Proposition \5. Hi 

(iv) Find a new coordinate system {to,qi, . . . ,qr,tr+i, ■ ■ ■ ,ts) of the form t^ = to + Fo{q), 
qa = qaexp{Fa{q)) (1 < a < r), ij = tj + Fj{q) (r + 1 < j < s) such that Q.-. = YA=Q{dti/ dij)Q.i 
satisfies ri-(l) =Pj- 

We study these four steps from an analytic point of view. By Proposition 15. 51 the connection 
matrix ^aio) in step (i) has its matrix elements in O^^^^v Then by Proposition 14.81 the 
connection matrix Via in step (ii) becomes a convergent function of q. In Proposition 15.81 we 
will see that the reconstruction step (iii) preserves the convergence. The last step (iv) can 
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be done in the convergent category, therefore QH*{X) has convergent structure constants. 
Summarizing, 

Theorem 5.7. The quantum D-module QDM*{X) of a toric variety is defined over convergent 
power series. The embedding emb: (C^,0) (C'*+^,0) in Theorem 15.61 is complex analytic 
and FH*gi ^ cmb*(QL>M*„(X)) (^^i^ O^^^^^, where QDM*^{X) = {H*{X) O^^y^) and 
^an — G C{h,x} I f\q=o is Constant.}. 

In order to state the compatibihty of reconstruction with convergence, we consider the fol- 
lowing general situation. Consider a flat connection = fid+Y^^^^^ Q.a{q)dqa/ qa of the bundle 
H*{X) X U ^ U regular singular along qi ■ ■ ■ Qr = 0. Here, C/ is a neighborhood of in C and 
is an ^-independent holomorphic function on U. 

Proposition 5.8. Assume that H*{X) is generated by 1 under the action of residue matrices 
Pa := r2a(0). For a set of vectors vi,. . . ,vi in H*{X), can be uniquely extended to a fiat 
connection = hd + ^^=1 ^a{Q,t)dqa/qa + Ylj=i ^j{Q^'^)dtj defined on a neighborhood U' of 
in C^'^' under the condition that ^j{q,t)l = Vj. 

Proof. In jTJj, Theorem 4.9, we proved that V'^ can be reconstructed uniquely as a formal 
connection. Here, we prove that this is convergent. Because we can extend to the tj- 
direction independently for different tj^s, we can assume that 1 = 1. Flatness of the connection 
implies dt^a = Qadq^^ and [ila, ^] = 0. By taking a smaller U if necessary, we can assume 
that H*(X) is generated by 1 under the action of ^la{Q) for each q £ U. Then, we have a 
surjection C[Oi(q), . . . , 0,r{q)] H*(X) and this determines a product *q on H*{X) for each 
q G U. On the locus {t = 0}, ^{q, 0) must be a multiplication {vi*g) by vi because it commutes 
with QaiQ)- Therefore, $(g, 0) becomes holomorphic on U. On the locus {q = 0}, it is easy 
to see that Oa(0, t) = pa and $(0, i) = viU. Expand $ and as <I> = Y.d'm>o^d,mQ'^t'^ 
and = J2d,m>o^(>.;d,mq'^t'^- Note that ^>o,m = '^Om(i'iU) and ^a;0,m = SomPa- Then by 
dt^a = Qadq^^, wc havc 

(29) ^a;d,m+l = 7— r*^d,m- 

Let {To, . . . , Tg} be a basis of H*(X). By the assumption, we can write 

l,ai,...,ai 

for some ^ai,...,a, ^ Then by ^d,m+ii^) = 0, we have 

/ 

(30) <^d,n+lTi= ^ 41..,a,E^''^l---[^d,m+l,PaJ---Pa,(l) 

l,ai,...,ai k=l 

I / m+1 \ 

= E ^al...,a,Y.P''^ ■ ■ ■ E ^[^a,;duj^^d-dum+l-j] ' ' ' Pa,{l) 
l,ai,...,ai k=l ydi>0 j=0 J 

where we used [$,Qaj.] = 0. Assume by induction that we know f^a d' m and ^d' m for all 
\d'\ < d and ah m > 0. Set uJd,m = max^ Y^id\=d \\^a;d,m\\ and (j)d,m = ^\d\=d \\^d,m\\- Assume 
also that there exist constants A,C,M > 1 such that 

(31) UJd,m < ^7TT-rW— T' ^d,m < A- 



■(d+l)^m!' {d+l)^m[ 
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holds for all d < d and all m > 0. We must choose A, C, M so that this estimate is valid for 
m = and all d > 0. Take d such that \d\ = d. First we can solve for ^}a\d,i by H29|). Then we 
solve for <I>d,i by (IHU]) . Next we solve for i^a;d,2 by and repeat this process. Assume that 
the estimate (|31|) holds for d = d and up to m (m > 0). We have by (|29|l . 



— jm+l 



Next we have by (|Hn|) . 

m+l 

(32) < ^1 E E '^^,.-<^-^,m+i-i + ^i^d,™+ill(^'iU)ll 

0<i<d i=0 

~ ^ (d + l)^H'm + l)\^^{i + lY^{d-i + l)^i^ ^ (d+lYHm + iy. 

(~id+m+l 'X^^ 

where i?2 > are constants determined only by U) and ei(M) is a function defined 

in the proof of Proposition 14.81 To complete the induction, we need to choose C and M 
carefully. Because limM->oo ^i (-^) = 0, for sufficiently large M, we have BiAei{M) < 1/2. 
Next we choose C sufficiently large so that the estimate (|31|) is valid for m = and all d > 
and that C > 2i?2- Then by (|32)) . we have the desired estimate for 4^^_^_i- After we obtain 
the estimate for all d,m>0, we can see that QaiQ,t) and ^{q,t) are convergent because 

E\ " (-,d+m " d m ^ ^ 
^ ml ^ l-Cxexp(Cy) 

is holomorphic around (x,y) = (0,0). □ 

When we apply this proposition to the dual Givental connections, we have 

Corollary 5.9. Let X be a smooth projective variety. If H*{X) is generated by H^{X) and if 
the small quantum cohomology of X has convergent structure constants, so does the big quantum 
cohomology QH*(X). 

5.4. Characteristic variety and semisimplicity. We study the characteristic variety of the 
Mellin system and proves the semisimplicity. For a differential operator f{q,hd,h), we define 
its principal symbol as a{f) = /(g, p,0). Here, pi,...,pr are conjugate variables. We also 
define 

Cr(MMell) ='C[q^, p]/cr(lMell), 

aiFH*S^) = C{q}[p] 0, F^^i ^ C{g}[p]/a(7poiy). 

The characteristic varieties of Ch(MMeii) and Ch{FHgi) are defined as analytic spectra of 
(T(MMeii) and a{FHgi) respectively. They are (germs of) analytic subvarieties of (C*)'' x = 
T*{C*Y. By the surjection (^Hj), we have an embedding 



MelU 



The characteristic variety of MmcU is the zero set of (y{Pd) for all d. Because there exists d 
such that {wi, d) > for all i, we can see from cr('Pd) = that '^'^^i ^riibPfc / if g G (C*)^. 
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(Here, we need the compactness oi X.) Thus, 

r r+N r 

Ch(MMeii) = {{q,p) G (C*)'^ X e I ^m,bPb / 0, = J] (^2"^^^^^^^} ■ 

b=l i=l b=l 

Let Cnt(Fq) be the set of critical points of Fq in Yq. This forms a family over (C*)''. For 
X G Crit(Fq), the cotangent vector dxF in T*Y equals Tr*{Yla=i Padlogqa) for some Pa- Hence 
we have a map dF : {Jq^icy Crit(Fg) T*{C*Y, x i-^ YZ.=i Padlogqa- 

Lemma 5.10. dF: Uq6(C*)'- Crit(Fg) ^ Ch(MMcii) C T*(C*)^ 

Proof. By dF = 7r*iYZ.=i Padlogqa) UgCrit(Fg), we see that Wj = Yl=i'^iaPa and so 
{q, p) e Ch(MMeii). The inverse is given by Wj = X]a=i "^mPa- □ 

Proposition 5.11. (i) The projection Ch(MMcii) {C*Y is a ramified covering of degree 
N\ Vol(Conv(S)), where Conv(S) is the convex hull of all the primitive generators xi, . . . , Xr+N 
of 1- dimensional cones in the fan S defining X . 

(ii) There exist exactly dim£ H* (X) branches of the covering Ch{MM_cii) — > (C*)'" correspond- 
ing to the subcovering C]i{FH gi)\qj^...q^^Q — > (C*)''. These branches are characterized by the 
condition that Pa ^ as g — > 0. 

Proof. By Kushnirenko's theorem ^31, the dimension of Jacobi ring C[si, . . . , sn]/ (dsFg) equals 
A^! times the volume of the Newton polytope of Fq = Yll=i iYlala'^)^^^ • other 
hand, the projection vr: Ch(MMeii) {C*Y is a submersion at generic p. (In fact, dn = 
dlogqa/dpb = ^^rriia^N^'^mn, is positive definite when Wj > 0.) Hence we obtain (i) by 
Lemma |5.10l Each branch of Ch.[FHgi) corresponds to a branch of simultaneous eigenval- 
ues (pi,...,pr) of the connection matrices (r2i|;j=0) • • • > ^^r|fco)- Because ila|g=o is a nilpo- 
tent matrix (cup product by pa), we see that Pa — > as g — > 0. On the other hand, 
we have Ch(AfMeii) — Ch(Fffo)|gi---(?r7^o and the zero-fiber of Ch(Fi?o) is the spectrum of 
(7{FHo)/J2l^^qaa{FHo) ^ a{FHo/mFHo) ^ a{FHo/mFHo) ^ H*{X). Therefore, there 
exist only dime H*{X) branches converging to p = at (7 = 0. □ 

By Theorem O we see that emb*(Ch(QL>M*^(X))) ^ C\i{FH*si). Therefore, the generic 
fiber of the characteristic variety of QDM*^{X) consists of d\m£H*{X) distinct points. This 
means that 

Corollary 5.12. The quantum cohomology of a smooth, projective toric variety is generically 
semisimple. (See |24) . Part I, section 3 for the definition of semisimplicity.) 

As remarked in the introduction, this corollary together with Kawamata's result [2J shows 
that Bayer and Manin's modified Dubrovin's conjecture PP holds for toric varieties. 
The proposition below will clarify the role of the nef condition for ci{X). 

Proposition 5.13. The following conditions are equivalent. 

(i) ci{X) is nef. 

(ii) iV!Vol(Conv(S)) = dimcH*{X). 

(iii) Ch.{FH gi)\q-^^...q^^Q = Ch(MMeii) on a small neighborhood of q = 0. 

(iv) FH*s^ - FHo 0c[H,q] Osmall(= 0^.11^ / OL.lM ■ 

(v) FH*, - FHo ®c[a,g] c[/i]M(= c[hM{hd)/cmqjip,iy). 

(vi) The generalized mirror transformation can be done using only convergent power series 
i.e. Q.a{q-,K) and g{q,h) in the step (i) and (ii) of Theorem \5.b\ are convergent functions of q 
and h. 
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Proof, (i) 4^ (ii): The condition ci{X) > is equivalent to that every primitive generator 
Xi of one-dimensional cones lies in the boundary of Conv(ifi, . . . ,Xr+N)- The number of top 
dimensional cones in T, equals dimcH*(X) and each top dimensional cone has volume 1/A^!. 
Hence we obtain the equivalence. 

(ii) 4^ (iii): This follows from Proposition 15. Ill 

(iii) =^ (iv): Set M := C'small(^^)/ClLiall^poly Let [f{q,hd,h)] be an element of the kernel 

' — ■ — ■ * 

of the natural surjection M — > FHgi. We can assume that f{q,hd,h) is homogeneous. By 

the assumption, we can see that there exists an integer > such that {qi ■ ■ ■ qr)^f{q, p, 0) is 

contained in cr{O^^.^^^Ipoiy)- Because o-(Cs^rnaii-^poiy) = Ed "^^i^lb" VC^d) ^ C{g}, we can see 

that /(g, p, 0) is also in ^"(Opoiy-^poiy)- Therefore, there exists some fi{q,hd,h) in O^j^^^ii^^) 

such that f{q,hd,h) = hfi{q,hd,h) mod O^maii-^poiy deg/i = deg/ — 2. Then, [hfi] is 

— ' * . . — ' * 

in the kernel of M — > FHgi. Because the multiplication by h is injective in FHgi, [fi] also 

lies in the kernel. Repeating this, we have / = fi^fn rnod O^maii-^poiy ^^'^ deg/,i < for 

sufficiently large n. Because we have already seen that (i) is equivalent to (iii), ci{X) is nef 

and so deg^a > 0. Thus /„ must be zero and [/] = in M. 

(iv) ^ (v): Take the tensor product with C[^][g]. 

(v) =^ (ii): Because FH^i is a free C[?i][g]-module of rank dimcH*{X), we see that 
a{FHo) (dc[q] is a free C|g]-module of rank dim£H*{X). On the other hand, by Propo- 
sition |S^2cr(-Fi?o) [9^^] — o'(-^^Meii) becomes a free module of rank A^! Vol(Conv(S)) when re- 
stricted to the complement of the ramification locus. Therefore, we must have dimcH*(X) = 
iV!Vol(Conv(S)). 

(i) 4^ (v): We can see from the proof of Proposition 15.51 that the /-function in (|28|) is 
convergent on |^| = 1 if and only if ci{X) is nef. The connection matrix is determined from 
/-function by (|27|) . The gauge transformation g can be found by applying Birkhoff factorization 
of the loop group LGL{s + 1, C) to the loop h ^ {Ti{hd)I{q, K)) (see OUniini). □ 

5.5. Example. We study the case of Hirzeburch surface F„ = P(C'pi © Opi(n)). This is given 
by the fan S whose one-dimensional cones are generated by xi, . . . , ^4: 

fi = (l,0), X2 = (0, 1), X3 = (-l,n), X4 = (0,-l). 

We have dime //*(F„) = 4 and 2! Vol(Conv(S)) = max(4, n + 2). Let wi, . . . , 1^4 be the classes 
of corresponding toric divisors. Then, pi := wi and p2 '■= W4, form a nef integral basis and we 
have W2 = P2 — npi and 1x13 = pi- The relation of classical cohomology ring is given by = 
and P2 = npip2 ■ The corresponding Mellin system is generated by the following two differential 
operators: 

7^(1,0) = qiW2{W2 -h)---{W2-{n- l)h) - W1W3, /'(o,i) = q2 - WaW2, 
where Wi = = hdi , W2 = ^82 — nhdi , W4 = hd2 ■ 

FHo ^ C{qi,q2,hdi,hd2,h)/{r^^^o),r^o^i)), MmcU = FHo[qY\q^^] 
FH*i = C[h]lqi,q2j{hdi,hd2) / {v^i^o),no,i))- 

5.5.1. Fano case (n = 0,1). In this case, FHq is freely generated by [1], [/i92], [(/i92)^] 
over C [h, q] . The small quantum /^-module of F„ is defined over the polynomial ring C [h, q] 
and is isomorphic to FHq. 
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5.5.2. Nef but non-Fano case (n = 2). In this case, FHq is not finitely generated over C[h,q\. 
However, FHo[{l — 4qi)~^] is freely generated by [1], [hdi], [hd2], [{hd2)'^] over C[h,qi,q2, (1 — 
4gi)^^]. For example, we can write [(^c?i)^] as 

r^fefi \2i '2QiQ2 , 2%i hqi qi 2i 

The small quantum D-module is isomorphic to FHq at least on the region |4gi| < 1 after a 
suitable coordinate change (see [Tl]^. 

5.5.3. Non-nef case (n > 3). In this case, FHq is not finitely generated over C[h,q]. Further- 
more, Fi^o (»c[a,q] = C[h]lqj{hd)/{V(^ifi),V(^Q^i)) is not finitely generated over C[h]lqj 
either. If it were finitely generated, then a{FHQ) (8ic[g] would be also finitely gener- 
ated over C[g] and generated by l,pi,p2,P2 by Nakayama's lemma. It contradicts that 
a{FHQ)[q^^ ^qi^"^] = a{My[e\\) is a free module of rank n + 2 > 4. We must consider the 
Q'-adic closure of the left ideal ('P{i,o))^(o,i)) which is strictly bigger: 



(7^(1,0), ^0,1)) ^ (^1,0), ^(0,1)) in mUi^d). 

Our FHgi is a free C[?i] |g] -module of rank 4 and isomorphic to the restriction of the big 
quantum D-module to some non- linear subvariety of i?*(F„). On the other hand, AfMeii is of 
rank n + 2 over C[h, g^]. (In fact, it is generated by [1], [hdi], [{hdi)"^], [hd2 — nhdi], . . . , [{hd2 — 
nhdi)'^~^].) The characteristic variety of MmcU is given by 

gi(p2 - npi)" = pf, 92 = (P2 - npi)p2 

or equivalently, 

n qiq2 = P2 (P2 - Q2) , 92 = (P2 - ?^Pi)P2- 
It has n + 2 solutions (pi, P2) (counted with multiplicity) for a given {qi, 92) S (C*)^. Out of 
n + 2 solutions, we have four branches of solutions having the asymptotics: 

Pi ~ (91(^/9^)")'/', P2 ~ V9^ + |(gl(^/9^^)'/'. 

These branches satisfy (pi, P2) ^ as (gi, 92) and correspond to the characteristic variety 
of FHgi. The other n — 2 branches have the asymptotics 

n-4 1- _J_ -J- 

Pi ~ —n"-^q^ " , P2 ~ n"~^q^ q2 

and diverge as gi — > 0. 

By changing the large radius limit g — > 0, we can construct a D-module of rank n + 2 which 
is regular singular along qiq2 = 0. Set qi = q^^ and q2 = q2Qi- In terms of qi,q2, differential 
operators of the Mellin system are written as 

7^(1,0) = qiWiWs - W2{W2 -h)---{W2-{n- l)h), 71(1,1) = 91^2 - W2Wi, 

^(0,1) = 92^2(^2 -h)---iW2-in- 2)h) - W1W3W4. 

Then, the -D-module 

FH'q = C{qi,q2,hdi,hd2,h)/{n^iQ),TZ^ii),TZ^Q^i)) 

is freely generated by [1], [hdi], [{hdi)'^], [hd2 — nhdi], • • • , [(^^2 — nhdi)"'~^] as a C[h,qi,q2]- 
module. This becomes an abstract quantum L)-module in the sense of jl61 117j . Therefore, we 
can find a canonical frame and flat coordinates by reconstructing an n -|- 2-dimensional base 
space (see ^Zl)- It would be interesting to study a geometric meaning of this I?-module. 



CONVERGENCE OF QUANTUM COHOMOLOGY BY QUANTUM LEFSCHETZ 



25 



6. i?-CONJECTURE (ViRASORO CONSTRAINTS) 

The Virasoro constraints are infinite dimensional symmetries of the (all genus, descendant) 
Gromov-Witten potential conjectured by Eguchi-Hori-Xiong jB]. In ^3], Givental showed 
that when the target X has a torus action with only isolated fixed points and isolated one- 
dimensional orbits, the Virasoro conjecture is reduced to the R-conjecture. The i?-conjecture 
is a conjecture about equivariant quantum cohomology with semisimple non-equivariant coun- 
terpart. It states that the asymptotic solution R defined in the equivariant theory has non- 
equivariant limit. For a class of Fano toric varieties, the -R-conjecture was proved by Givental 
jl.Sj . The i?-conjecture has been proved for complete flag [201) Grassmannian [2] and partial 
flag varieties |H] • 

In this section, we explain the i?-conjecture and prove it for any smooth projective toric 
variety. The proof of i?-conjecture will be a flrst step for the understanding of the mirror 
oscillatory integral. 

6.1. Equivariant quantum cohomology. Let T be an /-dimensional torus (= {S^Y) and X 
be a T-manifold. In a manner analogous to section |21 we can deflne the equivariant quantum 
cohomology algebra (QHj{X), *) which is a deformation of the ring structure of the ordinary 
equivariant cohomology Hj{X) pi. We assume that the T-action on X is Hamiltonian. For 
projective manifolds, this assumption is equivalent to that the action has at least one fixed point. 
Then, the equivariant cohomology is of the form Hj{X) = H* (X) <^ Hj{pt) . This isomorphism 
is not canonical, but we choose homogeneous equivariant lifts po, ■ ■ ■ ,Ps of the basis in section 
121 Let to, . . . ,ts be linear coordinates dual to po, ... ,ps and put Hj{pt) = C[Ai, . . . , A;]. Set 
Qa = exp(ta) for 1 < a < r. The equivariant quantum cohomology is of the form 

QH:^{X) = i7|(X)gCIto, gi, • • • , qr,tr+i, ...,ts}= H*{X) (g) C[X]lxj. 

Here, C[A] |x] is shorthand for C[Ai, . . . , Ai][io, Qi, ■ ■ ■ ,Qr, U+i, ■ ■ ■ ,tsj and means the tensor 
product completed in the x-adic topology. 

Our {QHj{X),*) defines a quasi- conformal Frobenius structure on the base space Ai = 
Spec(C(A)[x][gj~ , . . . , Qr^])- Let TJvi be the relative tangent sheaf of — > SpecC(A). Then, 
each element of QHj{X) gives a section of Tj^ by the correspondence pi ^ di := d/dti. The 
quasi-conformal Frobenius structure of QHj{X) consists of the following data: 

(1) Flat C(A)-bilinear symmetric pairing (•, ■)j on Tjn defined by {di,dj)j = JxPi Upj- 

(2) C(A)-bilinear symmetric product * : T_m0T_m T_m satisfying {di * dj,dk)j = {di,dj * dk) 

(3) Flat unit section 1 = po = & Tj^. 

(4) Euler operator E defined by 

a=l j=r+l •' j=l 

where co(A) + YJ'^^i CaPa = cl{TX). 

The name guasi-conformal comes from that E is not a section of (it contains the derivation 
Xjd/dXj). As in non-equivariant case, the dual Givental connection = h[d/dtj) -\- pj* on 
Tj^ is fiat for any value of h. This defines the T-equivariant quantum Z5-module: 

QDM^iX) = (F*(X)®C[A,/i][xl,V'^). 
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The Euler operator satisfies the foUowing: 

[E, Vi * V2] = Vi * [E, V2] + [E, Vi] * V2 + 2Vi * V2, 



E {Vi, V2)j = [[E, Vi],V2)_^ + {Vi, [E, V2])^ + (4 - 2N) {Vi, V2)j , 

for Vi, V2 G '^M aiid N = dime X. 

We assume some famiharity with the semisimphcity and canonical coordinates for conformal 
Frobenius manifolds, see e.g. [Hlll^. Here, we review the construction of canonical coordinates 
in equivariant quantum cohomology. Assume that the T action on X has only isolated fixed 
points. Then, by the localization theorem of equivariant cohomology, we have an isomorphism 
of rings 

H^{X) ®c[A] C(A) - C(A)^., = ^f^l^. 

Here, i^'- {c} ^ X is the inclusion and is the T-equivariant Euler class. Because i'^{'ipr) = 
6a-T for 0", T G X'^ , we have t/'o- U V'r = ^aripa- The localized equivariant quantum cohomol- 
ogy is also semisimple. The idempotent ip^ can be deformed to the idempotent ipa{x) of 
QHj{X)0£[x]^W such that lim^^o ^(7(2;) = ipa and ipa{x) * iprix) = Sarfpaix)- The projec- 
tion to the V'o-(a^)-component (5-ff|(X)(8)c[A]C(A) C(A)|x] corresponds to a closed 1-form on 
Ai. A primitive Ua{t,X) of this closed 1-form is called a canonical coordinate. Then, we can 
write tpaix) = d/dua- Note that du^ is characterized by 

(33) V*iJ^{x) = du^{V)^l^^{x), V ^Tm- 

The canonical coordinates {uo-Io-gx^ determined up to functions in Aj. 

Put a{a) = (a) for a G Hj{X). Let T*X = Xi(<7) © • • • ®Xn{(^) be the weight decomposi- 
tion, where Xj(c) ^ C[A]. Although Ai does not contain the divisor qa = 0, the limit limg^o d^a 
exists as an element of {H*{X))* C(A) because the dual basis il^a{x) is in H*{X) C(A)|x]. 
Since limg^o'^Uo- is the projection to V'cd we have du^ = 'Ylii=Q{Pi{^) + 0{q))dti, where 0{q) E 
C(A)|x]. We normalize canonical coordinates by the following classical limit condition: 

N s 

(34) u,(t, A) = Y,{-Xj{(r) + Xj{<^) log{-Xj{(T))) + Y,P^i<^)t^ + 0{q), 

j=l i=0 

where 0{q) G C(A)|x]. This together with H33() determines Uo-(t, A) uniquely. Using cJ{Tf^X) = 
co(A) -|- Yla=i'^a.Pa{(^) = ~ Ylf=i Xj i'^) ^ wc Can check that this automatically satisfies the 

homogeneity Eu^ = 2uo-. 

Assume that QHj{X) has convergent structure constants around x = A = 0. Then Ufj{t,X) 
becomes a multi-valued analytic function. We conjecture the following which resembles the 
/^-conjecture. 

Conjecture 6.1. When the non- equivariant quantum cohomology is generically semisimple, 
canonical coordinates Uo-(t, A) normalized by Jg^D is regular at X = for a semisimple point t 
of non- equivariant theory. 

Let u^(t. A) be any canonical coordinate which is homogeneous Eu'^ = 2u^ and is regular at 
A = for semisimple t. If this conjecture is true, such a canonical coordinate is different from 
the above normalization only by a linear form Yl\=i ^i^i- Note that the non-equivariant limit 
A ^ of Ua{t,X) gives the canonical coordinate u(t) of non-equivariant theory satisfying the 
homogeneity Eu(t) = 2u{t). (In non-equivariant theory, homogeneous canonical coordinates 
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are unique up to order.) Later, we will see that this conjecture (together with i?-conjecture 
stated below) holds for toric variety using the equivariant mirror. 

Consider the following differential equation for a section s{t, X,h) G 7^. 

d 

(35) h—s{t,X,h)=pi*s{t,X,h). 

An asymptotic solution [H} 111 ! \T2\ I13j Sr{t,X,h) for this differential equation is the solution of 
the form 

Sr{t,X,h) = y^R^r{t,X,n)e^^^''^y''A^^, A, = /^,^\ 

where Rarit, A, h) = dar + R^rit, X)h + R^r{t, X)h? + • • • is an asymptotic series in h. The 
matrix i?o-r is uniquely determined by the classical limit condition: 

°° B h^^~^ 

(36) limi2^^(t, A,^) = 5crTexp(6^(?i, A)), ^cr(^, A) = ^ iV2A:-i(fT) — y, 

'^^ fc=i 
where N2k-i{'^) = '}2i^=i^/Xj{'^)'^^^^ ■ Since limq_^o ^o- = e^(21r^)^^^, we can see that 

R^{t,X) belongs to C(A, e^(ro-X)-^/^)|x]. Under this normalization, R^t automatically satis- 
fies the following homogeneity and the unitarity: 

d ~ 

{2h— + E)R^r{t, A, h)=0, ^'^<^(*' ^' -f^)Rur{t, A, h) = 6^r- 

Conjecture 6.2 (i?-conjecture jl3j^. When the non- equivariant quantum cohomology is gener- 

ically semisimple, the asymptotic solution r'^ {t, A) normalized by IIS6\} is regular at X = for 
a semisimple point t of non- equivariant theory. 

An asymptotic solution R(jT-{t, X,h) satisfying the homogeneity and regularity at A = for 
a semisimple t is unique if it exists. Thus, if i?-conjecture is true, such a solution exists 
and satisfies the above classical limit condition . In this case, the non-equivariant limit 
limA^o Rar gives the homogeneous asymptotic solution of non-equivariant theory. 

By the theory of Givental |12| I13j. the i?-conjecture implies the Virasoro constraints for the 
non-equivariant Gromov-Witten theory of X. 

6.2. Equivariant mirror. We review an equivariant version of the mirror of toric variety 
|inj . We use the same notation as in section [5.11 The torus T := (S^Y^'^ acts on a toric 
variety X = Cg+^/(C*)'' by (zi, . . .,Zr+N) ^ (hzi, . . .,tr+NZr+N)- Here, wi,..., vur £ H^{X) 
denotes the T-equivariant Poincare duals of torus invariant prime divisors Di, . . . , D^+n ■ In 
other words, Wi is the T-equivariant first Chern class of the line bundle 

C^+^ X C/(Z1, . . . , Zr+N,v) ~ (t^-^Zi, . . . , t^^+^Zr+N.t'^'v), (ti , . . . , t,) S (C*)'' 

with T-action (zi, . . . , Zr+N-,v) i— > (ti^i, . . . , tr+NZr+N,tiv)- Let Pa denote an equivariant lift 
of the nef integral basis in section 15.11 More precisely, we define pa as the T-equivariant first 
Chern class of the line bundle 

xC/{zi,...,Zr+N,v) ~ {t^'Zi,...,t'^^+^Zr+N,taV),{ti,...,tr) G {C*Y ■ 

with T-action {zi, . . . , z^+n, v) •— > (tizi, . . . , tr+NZr+N ,v). Then, Wi is written as 



Wi = 

a=l 



■mjaPa - Xj. 



LOq. 
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Define an equivariant phase function F'^(\n; A) on the mirror family ir: Y ^ {C*Y by F'^(\n; A) 
Y^l=i^ i^i + -^ilogWi). Set = F'^lYg- Then consider the equivariant oscillatory integral: 

We can easily obtain the equivariant version of Proposition 15. II 

Proposition 6.3. The equivariant oscillatory integral Ty satisfies V'^Zr{q, X,h) = for all 
d ^1/ , where 

^d = / n n [Y,mafida-K-kh\- W W {Y^m.^nda-Xi-khY 

{w,,d)<0 k=0 \a=l J (w,,d)>0 k=0 \a=l ) 

We introduce the D-module M^^jj as in section 15.11 

Ml^,, = C{q^, hd, h, A) //Sell, iLll = E ^^l''^ ^' 

6.3. T X ^^-equivariant Floer cohomology. We can construct T x S*^ -equivariant Floer 
cohomology FH*^gi in an analogous manner to section EH First, -f^^(|i is defined by the 
limit of the inductive system id,d')^ where H*^gi{Lf) = C[P,h,X\, id,d'i<^) = 

"Hill Ilk"=lw~d') ^i,k and Wi^k = Yla=i fT^iaPa " Aj - kh. It has an action of C(P, Q^, h, A). 
Let A"^ be the image of 1 in H*^g^{L^). Let FH^ be a C(P, Q, ^, A)-submodule of H^^^, 
generated by A""^. Finally, we define FH^^gi as the Q-adic completion of FHq . We can check 
that (by the argument in [TO]) FHj^^i is a free module over C[h, \]IQ} and has {Ti{P)A^}f^Q 
as a basis, where Ti{yi, . . . , y^) is the polynomial in Proposition 15.51 By the same argument as 
Proposition 15.21 15.41 we obtain 



- Ml^,„ FH^ - c{q, hd, h, A)//J„iy, fh;^s-, - C[h, XM{hd)/ll,^, 



where Ip^iy = -^Meii ^ '^il^ A) and -fp^iy is the closure in the (7-adic topology. The relation- 
ship between the T x S'^-equivariant Floer cohomology and T-equivariant quantum cohomology 
is given as follows (c.f. Theorem 15. 6|) . 

Theorem 6.4. There exists an embedding emb: (^,0) — > (C*"'"^,0) and an isomorphism of 
D-modules ^emfa^ zmb*{QDMj{X)) = FH*^^^. The map emb is given by the equations 

to = Foiq; A), qi = qi exp(Fi(g; A)), ...,qr = qr exp(F,.(g; X)),ir+i = Fr+i{q; A), . . . , 4 = Fs{q; A) 

for Fi(q; X) G C[A][g], Fi{0; X) = and ^mb\q=o '^s determined by the canonical isomorphism 
H;{X)(S)C[h]^ FH;^^JY::=iQaFH;^^,. 



This theorem is a generalization of the result of [T^ to the T-equivariant case. The proof is 
completely similar and based on a T-equivariant version of Coates-Givental's quantum Lefschetz 
theorem 4.. The main points in the proof are (1) any toric variety can be realized as a complete 
intersection of torus invariant divisors in a Fano toric variety X, (2) the J-function of FHj^^i is 
identical with the Coates-Givental modification of the J-function of small quantum cohomology 
of the ambient X, and (3) the reconstruction from small to big is unique. We can see that 
Coates-Givental's quantum Lefschetz theorem admits a T-equivariant generalization. 
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6.4. Asymptotic solution via equivariant mirror. Using the equivariant mirror, we will 
construct asymptotic solutions subject to the classical limit condition ()36() . Then it follows that 
the -R-coni ectur e 16.21 holds for toric varieties. Unfortunately, we could not prove the convergence 
of T- equivariant quantum cohomology using the method in this paper. Instead, we use a result 
in a forthcoming paper which proves the convergence of equivariant quantum cohomology 
by the localization method. 

We start with the construction of canonical coordinates for equivariant mirror. Each fixed 
point a G X'^ can be written as an intersection of N toric divisors Hi^i^Di, where is a subset 
of {1, 2, . . . , r + A^}. We can use {wj}jg/^ as fiber coordinates of the family tt: Y ^ {C*Y . We 
write for j ^ 1^^, 

a=l i&Ia 

Here, the matrix l"^- is the inverse of {rnja)j0<y^a=i,...,r and xj^ = — X]a=i f^ialaj- Since {paYa=i 
is a nef basis, it follows that the matrix 1'^^ satisfies I'^j > and X]a=i ^aj > 0- 
We need the following elementary lemma. See the Appendix for the proof. 

Lemma 6.5. Let U C C'' be a neighborhood of and D C U \ {0} be the complement of 
an analytic subvariety in U. Let f{qi,...,qr,Xi,...,Xi) be a function holomorphic in the 
neighborhood of {q = 0, X D}. Assume that /(•, A) can be expanded in the form X^fi>o fd{X)q'^ 
for each X £ D and that /d(A) can be analytically continued to a holomorphic function on U . 
Then f can be extended to a holomorphic function around q = X = 

Put Xi{'^) •= —'Wi{cr). Then we have the following relations. 

(37) T;A-0Xi(^), Xi(^) = Ai + ^ A,xJ, for z G 

r 

Xj{a) = Aj - ^ rujaPaicr) = for j ^ L^, 

a=l 

Lemma 6.6. (i) For each a G , there exists a unique branch of critical points {crito-(q')}g 
of such that in a coordinate system {wjjjg/^, 

\Ni{crita{q)) = + 0{q), i G 

Here, 0{q) has an expansion of the form Yl\d\>o fdWQ'^ for fd{X) G C[A, Xi{^)~^': i ^ la]- 

(ii) The critical value FJ (critg^a)) equals the pull-back emb*(uCT) of the canonical coordinate 
satisfying the classical limit condition I \cl4h where tmb is the map in Theorem \6.4\ 

(iii) The defining equations of the map emb are convergent power series. 

Proof, (i) follows from a direct calculation. For (ii), first note that there exists an isomorphism 

dF^: U Crit(F7) - Ch(MSeu) 

as in non-equivariant case (Lemma 15. lOj) . Because we have a surjection 

^Mell ®C[;i,A,g±] C[h,XM[q-'] ^ FH;^s,[q-'] - tmb* iQDM^iX))[q-'], 

tmb*{Ch{QDM*{X)))\g^^o is embedded in Ug Crit(F/). The characteristic variety oiQDM*{X) 
is the union |J^ Graph((iuCT) of graphs of the differentials of canonical coordinates. Thus, for 
a branch {crit{q)} contained in emb* {Ch.{QDMj{X))), the critical value Fg {cTit{q)) gives us 
a pull-back of a canonical coordinate. Furthermore, by the relations ()37() . it follows that 
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Fj{crit(^{q)) satisfies the classical limit condition 1)34(1 . From this we can see that the branch 
{crito-(g')} actually corresponds to a branch of Ch.{QDMj{X)) and F^(crito-(g)) = emb*(uo-)(g). 
In the forthcoming paper we will prove that QHj{X) has convergent structure constants. 
Thus, the natural flat coordinates x = {to,qi, . . . ,qr,tr+i, . . . ,ts} of QHj{X) can be written 
as analytic functions in Uq- and A. Because [critf^{q)) is a multi-valued analytic function in q 
and A, tmb*{xi) is a (possibly multi-valued) analytic function in q and A. It is easy to see that 
it is holomorphic in the neighborhood of {q = 0,X generic} (identically zero at q = 0). Since 
emb*(xj) belongs to C[A]|g], (iii) follows from Lemma □ 

Remark 6.7. (i) The above lemma shows that Conjecture 16. II holds for toric varieties. 

(ii) The branch {crit(j(g)}g in the above lemma corresponds to a branch described in Propo- 
sition I^^J (ii) in the non-equivariant limit. 

(iii) Because the map emb preserves the degree, the homogeneity for emb*(ua-) = F^(crito-(g)) 
can be written as co(A) + {^21=1 CaQad/dqa + Z]j=f ^jd / dXj)Fg {cvit^{q)) = Fg{cTita{q)) for 
Co (A) = — Yl^=i ^j- This can also be shown by a direct calculation. 

Let T{a) be the descending Morse cycle of 'Sl{F^ /K) from the critical point crit(j(^). From 
now, we write for emb*(U(j) by abuse of notation. Let I(j{q,X,h) := lY^„^{q, \,h) be the 
oscillatory integral over T{a). By the method of stationary phase, Xq- can be expanded in an 
asymptotic series T^'''^™. Put Wj = e"'"*Wj(crito-) and Tj = Vhti. Note that Tj = Yliei ^'jf^i for 

j i la- 

T?T, -w f -^J(e"'"crit^(g)) - FJ(crit^(fl)) T-r 

(38) =e-A/ ^^^ELY(e-^--l)w.(cnt.(,)) + A.T.j^^^^ 

~ h^/'e"^/'^ / eS:'i"-'(-^*'^)^?/2 exp /i"/'"'w,(crit^)^i^ 

-^^"^ V i=l n=3 



V±Hess,^^g 



Here, To-o = 1, ±HesSo- = {—1)^ det{d'^F'^ /dJidJj{ci\ia{(l)))i,j&i^ and we assumed Wj(crito-) < 
and ^ > 0. All half-integer powers of h disappear due to the antisymmetry. We can see that 
the analytic function Tcm{Q,X) can be expanded in a g-series of the form '^^fdWq'^j where 
/d(A) GC[A,Xi(<T)-^iG/.]. 



Proposition 6.8. The asymptotic series Z^'^™ is a formal solution to the D-module FHl 



for each a G X'^ . More precisely, for any differential operator f{q, A, hd, h) G -^poiy ^ C[fi, A][g](/i9), 
we have f{q, A, hd, h)I^^^^{q, X,h) = as an h-series. 



Proof Take / G ij^i^. We put f ■Zf^'^ = {2T^h)^l^e"-I^YlT=o<^k{qA)h'' ■ Note that afc(g,A) 



is a formal power series in q. Let G -^poly ^ sequence converging to / G -^poiy such that 
Qn = f - fn = 0{q"-). Then we have 

oo 

(39) 5n • Xr^'" = / • Xr^'" = i27Thf/'e'^/'' Yl "'^•(^' ^)^' 

k=0 
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by Proposition 16.31 Because we have the following expansions 

(±Hess.)-i/2 = ([] U<y))-''\l + bdiX)q''), Qa^ = J]cd(A)g'^ 

iG/<T |<i|>0 d>0 

for some 6d(A),Cd(A) G C[A, ^ £ la], we can see from (p9]) that ak{q, X) = 0{q^). 

Because this holds for all n, must be zero. □ 

In non-equivariant case, each coefficient of the asymptotic expansion of 2r in ^ is still analytic 
function in q but not necessarily expanded in g-series. However, f{q,hd,h) ■ I^^"^{q,h) does 
make sense for / G C'^maii(^^) ^-series. 

Corollary 6.9. Let T be the descending Morse cycle of^{Fq) from a critical point in a branch 
described in Provosition \5. 1 1\ (ii). The asymptotic expansion of the non-equivariant mirror os- 
cillatory integral 2r(g, h) in h gives a formal solution to FH gi . More precisely, any differential 
operator in /poly C C^naii(^^) cL^nihilates the asymptotic expansion ofZr as an h-series. 

For V £ QHj{X), there exists a differential operator 'D[v]{q, X, hd, h) £ C[h, X]lqJ{hd) such 
that ^>emb(^^) = V[v]{Q,X,P,h)A'^ . We can write v = V[v]{q, X,V^, h) ■ ^^^t,A'^, where = 
^emb*(a )■ 1-^6^116 a formal section Sa-{q, X, h) of emb* Tj^ by the formula 

{-2T:hfl\s,)^ = V[v]{q,X,hd,h) -1^^^. 

By Proposition 16.81 the right hand side depends only on v and not on a choice of T)[v]. Using 
{d/dUf^,d/dur)j = JcttA"^, we can also write 

where V't(9) = V'r(fTnb((7)). 

Theorem 6.10. (i) The section s^ is the pull-back of an asymptotic solution in section \K7\ bu 
the map emb. 

(ii) This satisfies the classical limit condition liS6\). 

(iii) The E-coniecture AG.^ holds for smooth projective toric variety. 



Proof, (i): For v G H*{X) and s„ = {-2^h)^l^s„, we have 

d_ 

'dqa 

= (emb*(5a) * V, Sa)'f = {v, emb*(5a) * Sa)j ■ 
Therefore, is a solution to the differential equation We calculate 

^N/2u^/h ( ^[^r(g)](g, A, du^,h = 0) 



V V =t Hesso- 

Let V{q, X,hd,h) be a differential operator such that V{q, X,V^,h) ■ 1 = ^^^j^A^. Then we 
have i^riq) = V['iPr{q)]{q, X,V'',h)V{q, X,V^,h) ■ 1 = V[iJr{q)]iq,X,d*,0)V{q,X,d*,0)l, where 
da* is the quantum product by emb,,(5a). By using (|33|) . we have 

Sari^aiq) = ^Aq) * ^a{q) = V[iljr{q)]{q,X,d*,{))V{q,X,d*,&)tp„{q) 

= V[i^r{q)]{q, A, au,, 0)y(g, A, Su,, O)V.(g). 
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Therefore, 



;ArV[M<lWT''"" = e"^/"" ( , + 0{h) 



The equality Aq- = V{q, A, 5uo-, 0)-v/HesSo- follows from the differential equation hdaSa = da*Sa, 
and the classical limit limg^o \/Hess^ = w HiG/^ (~Xi('^)) = limq-+o^o-i ^l9=o = 1- Therefore, 
So- is an asymptotic solution in section IfTll 
(ii): By Lemma l6. HI and (jHEj), we have 



We put Xj = e"""' in the first line, used dadbUa = 0{q) in the second line and I?['(/'t('?)](0, A, du^, h) - 
6ra in the third line. Note that we are assuming Xii'^) > 0. The conclusion follows from the 
asymptotic expansion of the Gamma function around infinity (Stirling's formula). 



(1 \ 1 °° B 



3f?(z) > 0. 



(iii): First note that if the asymptotic solution is regular at A = for one semisimple point 
to, then it is regular for any semisimple point. (We can use the value at as an initial 
condition for the differential equation Thus, it suffices to check that the above solution 

So- is regular at A = for a semisimple q. Let Tj(yi, . . . ,yr) be the polynomial in Proposition 
EISl Because {Ti{P)l:^]l^Q forms a C[/i, A] [o'l-basis of FH*^gi, we can write $emb(5/9ti) = 
E-=o^ii(9,A,;i)r,(P)A^ for some Aj G C[h,X]lqj. Let Ar^Q) = EW^ri{q, X){d/dti). 
Because QHj{X) is convergent, ^ri{Q,X) is an analytic function of q,X which is regular at 
A = for semisimple q. We can take Vlipriq)] as 

s 

i,j=0 

Then, the matrix R is given by {-2^h)^/^e"-/^Rra = J2i,j=o^ri{q, X)Aij{q, X,h)Tj{hd)Ia^'^. 

Because we can write Tj{hd)Tf^'^ = {-2^h)^/'^nj„e"- for some Uj^ = En>o^j?(9' ^)^"' 
we have 

s 

Rra{q,X,K) = ^ '^riiq,X)Aj{q,X,h)TZja{q,X,h). 

i,j=0 

On the right hand side, the regularity at A = is clear for ^1',-^ and TZja- Thus, it suffices to show 
that A\f{q,X) is a holomorphic function around q = X = where Aij = X^„>o ^ij^(9; '^)^"'- 
Since (Aij) = {"^T-i)~^{RTa){T^ja)^^ and R^ri){q,X) is an analytic function (because QHj{X) is 
convergent), we can see that A[f{q,X) is convergent around q = X = from Lemma 16.51 □ 
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7. Appendix 

7.1. Proof of Lemma 14.91 First we study ei{M). We have 



{d + 1) 



where we put y = (x + + 2) and e = + 2). Set y = sin^(6'/2) and e = sin^( 

Then we have 

..WM)<4cos^(|)(si„a)--/;'^^-|^. 

Because we can assume d > 2, we have < a < vr/S. Using the formula (see 2.515) 



d0 _(2M-3)!!/ {2M -\-2r)\\ cosO 



(sin0)2M-i (2M-2)!!l ^ (2M - 3 - 2r)!! (sine)2A^-2-2r 



tan — 
2 



we have 



.J ^ . 2 /a\ 2M-3 !! [*^^ 2M-4-2r !! , 

ei(d,M)<4cosM- f— '—{ > ^ cos ofsm a)^"^ 

^' V2; 2M-2 !! I ^ (2M-3-2r !! ^ ^ 



a 



- (sina)^^'^"2log|tan ^ 

(2M-3)!! f 1 .,i,„)2M-3 2 

-^2M-2)!!ll-sin2a + ^ ^ 

^^f^-2Mb) 0-2Arr4^--^^-^^ + - 

Therefore, we have ei(M) ^ as M — > 00. 

Next we study e2(-B2, M). Set C = B2/B1. We have for C > 1, 

BiV (d + 1)*^ (d + l)*^dx (d + 1)^ 



El -Dl \ i- i^j ^ / i^u. i- L) ax 



C('^+^)y{l-y)^ \elogC 
/■i/2(d + l)2^ /-^-^ (ci+l)d?/ / 2M 

2^ (d+l)A^ / 2M 



logC (M - l)C(rf+i)/2 VelogC 
^ 2^^ ^ 1 / 2M ^ / 2M 



logC M-1 VelogCy VelogC 
Hence we have e{B2,N) as B2 ^ 00. 
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7.2. Proof of Lemma 16. 5L We prove the lemma by induction on /. We write A = (A', A;) G 
C'"^ X C. Set D' = {A' G C'~^ | {A'} x CnL> is non-empty}. We will show that / is holomorphic 
in the neighborhood of {q = 0, A; = 0, A' G D']. We choose e(A') > so that {A'} x {|A;| = 
e(A')} C D. Then there exists a positive C(A') > such that |/d(A',Ai)| < C(A')I'^I+^ on 
|A/| = e(A'). For \C,\ < e(A')/2, because /d(A) is holomorphic on U, 

/.(A',C) = ^/ ^^dz. 
2m J\z\=e{X') z-C 

From this we can see that /d(A',C) < 2C(A')I'^I+^ for A' G D' and |C| < e(A')/2. 
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